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Sorption strains and their consequences for capillary condensation in nanoconfinement

Gerrit Günther1 and Martin Schoen*

Stranski-Laboratorium für Physikalische und Theoretische Chemie Sekr. C 7, Fakultät für Mathematik und Naturwissenschaften,
Technische Universität Berlin, Berlin, Germany

(Received 5 May 2008; final version received 15 August 2008 )

We employ Monte Carlo simulations in a semi-grand canonical ensemble to investigate the impact of pore deformation on
capillary condensation in nanoconfined fluids. The fluid is composed of ‘simple’ spherically symmetric molecules of the
Lennard-Jones type. These molecules are confined to a slit pore, where the pore walls consist of a single layer of atoms
distributed according to the (100) plane of the face-centred cubic lattice. The atoms are bound to their equilibrium lattice
sites by harmonic potentials such that they can depart to some extent from these sites on account of their thermal energy and
the interaction with the fluid molecules. Under experimentally realistic conditions, our results show that, upon filling with
fluid, the effective average pore size first increases, and then drops sharply at capillary condensation. The pore eventually
expands again when the density of the confined liquid-like phase is further enhanced. Compared with the ideal case of
perfectly rigid substrates, deformability of the pore causes capillary condensation to shift to higher bulk pressures; that is,
the liquid-like phases are destabilised relative to the confined gas-like phases.

Keywords: sorption strain; capillary condensation; nanoconfined fluids; Monte Carlo simulation

PACS: 02.70.Uu; 64.70.fm; 64.75.Jk; 68.35.Rh

1. Introduction

If a fluid is exposed to an external field, its phase behaviour

and material properties will depend on the specific

characteristics of the field. In the context of confined

fluids, the solid matrix of a mesoporous material has

frequently been treated as such an external field

representing the walls of tiny pores of nanometre

dimensions [1–3]. When adsorbed into these pores, their

small size (i.e. the strength of the external field) causes a

markedly different phase behaviour, structure and material

properties of the adsorbate. For example, if the fluid–

substrate attraction is sufficiently strong, condensation of

the adsorbate occurs under thermodynamic conditions

such that a corresponding bulk fluid is still an under-

saturated gas. This phenomenon known as ‘capillary

condensation’ is in principle predicted by the celebrated

Kelvin equation [4] and has received quite a bit of

experimental interest [5–10]. However, these early studies

were basically concerned with disordered porous media

such as controlled pore glasses, where the pores vary in

shape and form an interconnected network. In the

meantime, it has become feasible to synthesise other

mesoporous materials that differ from the ones studied in

these earlier works, in that they consist of more regular

arrays of individual, disconnected, more or less cylindrical

pores [11–13]. These new materials enable studies of

nanoconfined fluids under more controlled conditions.

The experimental advances have also spurred a wealth

of theoretical investigations of confined fluids from which

a detailed molecular picture of capillary condensation

emerged [1–3]. One of the most intriguing theoretical

findings in more recent times concerns the prediction of

novel phases in fluids confined between complex

chemically decorated or geometrically sculptured sub-

strates [14,15]. Here, the confined fluids’ structure is

imposed by the substrates through a template effect. Thus,

these new confined thermodynamic phases have obviously

no counterpart in any bulk system, which makes them

particularly fascinating.

However, regardless of the specific nature of the model

system studied theoretically, the confining substrates are

conventionally treated as an inhomogeneous, anisotropic,

but otherwise static external field. From this perspective,

characteristic features of a confined fluid come about by

superimposing the external field onto the intermolecular

interactions between fluid molecules. In other words, no

matter what changes occur in a confined fluid’s

thermodynamic state or mechanical properties, the solid

substrates do not ‘respond’ or adjust themselves to any of

these changes.

However, quite some time ago, Diestler and Schoen

[16] showed that the mechanical properties and the

structure of a confined fluid may be altered if the confining

substrates are coupled thermally to the fluid phase.
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The physical situation studied in [16] is relevant to

experimental work by Namatsu et al. [17] in which the

authors show that thin silica plates separated by a distance

of less than 200 nm may deform during the drying process

after having been rinsed by water. More recently,

Kowalczyk et al. [18] and Ustinov and Do [19] considered

sorption-induced deformation of porous matrices. In both

works, the pores may deform homogeneously; that is, the

width of the entire pore may change upon increasing

sorption. However, these earlier papers [18,19] do not

explore the relationship between capillary condensation

and pore deformation.

Moreover, it was recently demonstrated experimen-

tally that SBA-15 pores may be deformed upon capillary

condensation. Using in situ synchrotron X-ray diffraction

(SAXD) and parallel measurements of an adsorption

isotherm, Zickler et al. [20] demonstrated that a

discontinuous phase transition in a confined fluid may

alter the lattice constant characterising the (regular)

mesoporous matrix. In [20], the correlation between the

associated sorption strains and capillary condensation is

established by comparing the form, location and intensity

of the Bragg peaks determined in the scattering

experiments with the steep variation of the adsorption

isotherm at capillary condensation.

Sorption strains of the sort reported in [20] have also

been observed earlier experimentally [21–23] and are

discussed in terms of either continuum elasticity [21] or

phenomenological thermodynamics [22]. It is also well

known from solid–solid phase transitions that elastic

strains may cause a shift of the phase boundaries [24].

However, to date, a microscopic analysis of the

relationship between sorption strains and phase transitions

in nanoconfined fluids is still lacking.

In the present work, we therefore intend to employ

Monte Carlo simulations to address the following

questions in conjunction with capillary condensation

in a nanopore with locally deformable pore walls

(cf. [18,19]):

(1) How are sorption strains related to the thermo-

dynamic state of the confined fluid?

(2) Do sorption strains have an impact on capillary

condensation?

(3) What is the relationship between sorption strains

and the structure of the confined fluid?

To address these points, we organised the manuscript

as follows. In Section 2, we introduce our model system

and describe its thermodynamic and statistical–physical

analyses in Sections 3.1 and 3.2, respectively. A key

quantity that we wish to compute is the grand potential

density v of the confined fluid. We obtain v via

thermodynamic perturbation theory as we explain in

Section 3.3. In Section 4.1, we analyse the relationship

between substrate deformation and capillary condensation,

whereas Section 4.2 is devoted to associated structural

changes in the confined fluid. This paper concludes with a

summary of our main findings in Section 5.

2. Model system

2.1 The model fluid

In this work, we consider a pure fluid consisting of N

spherically symmetric molecules interacting with each

other in a pairwise additive fashion. The fluid–fluid

configurational energy can then be cast as

UffðRÞ ¼
1

2

XN
i¼1

XN
j¼1–i

uðrijÞ; ð2:1Þ

where rij ¼ jri 2 rjj is the distance between molecules i

and j located at ri and rj, respectively, R ; ðr1; r2; . . . ; rNÞ
represents the configuration of fluid molecules,

uðrÞ ¼
ushðrÞ; r # rc

0; r . rc

(
ð2:2Þ

and

ushðrÞ ¼ uLJðrÞ2 uLJðrcÞ þ
duLJðrÞ

dr

����
r¼rc

ðr 2 rcÞ ð2:3Þ

is a so-called shifted-force potential. Unlike the full

Lennard-Jones (LJ) potential

uLJðrÞ ¼ 41
s

r

� �12

2
s

r

� �6
� �

; ð2:4Þ

ush(r) vanishes continuously together with its first derivative

(i.e. the intermolecular force) at the radius rc of a cut-off

sphere centred on ri. Throughout this work, we use

rc ¼ 3.5s. Because of its definition, ush(r) is explicitly short

range (unlike uLJ(r)), which is advantageous in the grand

canonical ensemble Monte Carlo (GCEMC) simulations on

which this work is based [3,25]. In Equation (2.4), s is the

‘diameter’ of a fluid molecule and 1 determines the strength

of intermolecular interactions in the usual manner.

2.2 Thermally coupled substrates

Fluid molecules are confined by two planar solid

substrates (Figure 1). For reasons that will become clear

in Section 3, we need to consider a reference system, in

which fluid molecules are confined between two struc-

tureless planar substrates. In the system of ultimate

interest, the walls are thermally coupled to the confined

fluid such that the walls can respond to whatever change in

the thermodynamic state of the confined fluid may occur.

In this latter case, the substrates are atomically structured
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and thermally corrugated as indicated by the sketch in

Figure 1.

In both cases, there is a fluid–solid contribution to the

total configurational energy. For the reference system, this

contribution may be expressed as

Uref
fs ¼

X2

k¼1

XN
i¼1

w ½k�ðziÞ; ð2:5Þ

where the fluid–solid interaction potential is given by

w ½k�ðzÞ ¼ 2p1rss
2 2

5

s

z^ sz=2

� �10

2
s

z^ sz=2

� �4
" #

:

ð2:6Þ

In Equation (2.6), k ¼ 1 $ þ and k ¼ 2 $ 2 ,

respectively, and we assume the solid substrates to be

located at z ¼ ^sz/2. Equation (2.6) is derived on the basis

of the assumption that the substrate is composed of a single

layer of solid atoms. These atoms are positioned according

to the (100) structure of the face-centred cubic (fcc) lattice

such that the nearest-neighbour distance between the

atoms corresponds to the minimum of u(r). This implies a

lattice constant l=s ¼
ffiffiffi
43

p
, such that the areal density

rs 2 ¼ 221/3. The solid atoms have been ‘smeared’ over

the plane while the position of a fluid molecule is fixed at a

point ri [3]. Moreover, we take the parameters s and 1

to be the same for fluid molecules and wall atoms during

the course of a simulation.

To realise walls that can respond to the confined fluid,

we introduce our model of interest. Again, the substrates

consist of individual solid atoms initially distributed

according to the (100) plane of the fcc lattice at the areal

density given above. The planes are initially in registry;

that is, a specific atom in the upper substrate is exactly

opposite its counterpart in the lower one and vice versa.

This way the confined fluid can only be subjected to

compressional strains (by changing, for example, sz
through external agents) but not to any shear deformation.

Taking fluid molecules and substrate atoms to be identical

(i.e. taking s and 1 to be the same for both species), we

replace Equation (2.5) by

UfsðR;RsÞ ¼ z
X2

k¼1

XN
i¼1

XNs

j¼1

u ri 2 r½k�j

��� ���� �
; ð2:7Þ

where Ns ¼ 2n 2 is the total number of substrate atoms

located in one wall and n is an integer specifying the

number of unit cells of the fcc (100) plane. In Equation (2.7),

Rs ¼ r½1�1 ; . . . ; r½1�Ns
; r½2�1 ; . . . ; r½2�Ns

	 

represents the configur-

ation of substrate atoms. The potential u in Equation (2.7)

is given in Equation (2.2). The dimensionless parameter z

in Equation (2.7) is introduced to vary the strength of the

fluid–substrate interaction (see Equations (2.2)–(2.4),

(2.7), and Section 4.2). If not stated otherwise, results

in Section 4 are obtained for the case z ¼ 1.0 referring to

equally strong fluid–fluid and fluid–substrate interactions.

In any event, the distribution of the solid atoms and the

rigidity of the substrates are such that fluid molecules

cannot penetrate into the confining substrates as we have

checked for all the simulations reported here.

In addition to Ufs, we include interactions between the

substrate atoms themselves. The corresponding solid–

solid energy is composed of two contributions and may be

expressed as

Uss ¼
X2

k¼1

1

2

XNs

i¼1

XNs

j¼1–i

u r½k�i 2 r½k�j

��� ���� �"

þk
XNs

i¼1

r½k�i 2 r½k�i0

�� ��2#;
ð2:8Þ

where u is again given by Equation (2.2). On account of

their interaction with both fluid molecules and other

substrate atoms, each of the latter is free to depart from its

equilibrium position ðr½k�i0 Þ in the fcc (100) plane. In other

words, substrate atoms are coupled thermally to the con-

fined fluid and may move because of their kinetic energy.

The first term on the right-hand side of Equation (2.8)

is necessary because substrate atoms must not approach

each other arbitrarily (and therefore unrealistically) close.

SZ

Figure 1. A two-dimensional schematic of the model system
consisting of spherical fluid molecules (light grey) confined
between two planar solid substrates separated by a distance sz
along the z-axis of the Cartesian coordinate system. In the
reference system, the substrates are structureless as indicated by
the black horizontal line and the area shaded in grey above and
below this line. In the system of interest, the homogeneous
substrates are replaced by discrete wall atoms (dark grey), where
the equilibrium fcc (100) positions are represented by dashed
circles.
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To prevent the substrates from ‘melting’, we bind each one

of them to its equilibrium lattice site by introducing a

harmonic potential (see the second term in brackets in

Equation (2.8)), where k . 0 determines the binding

strength (i.e. the ‘stiffness’ of a harmonic spring). In other

words, k is a measure of rigidity of the substrates.

Hence, in the system of interest, the total configurational

energy may be expressed (see Equations (2.1), (2.7) and

(2.8)) as

U R;Rs;k
	 


¼Uff Rð ÞþUfs R;Rs

	 

þUss Rs;kð Þ ð2:9Þ

and depends on R, Rs and k as a parameter.

3. Theoretical considerations

3.1 Thermodynamics

To mimic a situation frequently encountered in sorption

experiments, we treat the confined fluid as a semi-open

system within the framework of phenomenological

thermodynamics. This perception is motivated by the

fact that, in parallel sorption experiments, the fluid

confined to some mesoporous matrix is assumed to be in

thermodynamic equilibrium with a (quasi-infinite) bulk

reservoir with which it may exchange fluid matter and

heat. Under these conditions and for a quantitative

discussion of phase behaviour of the confined fluid, the

semi-grand potential V turns out to be the relevant thermo-

dynamic potential. Following the treatment of [3],

the exact differential of V may be cast as

dVðT ;m;Ns;sÞ ¼ 2SdT 2 Ndmþ 2msdNs

þ V0Trðt dsÞ; ð3:1Þ

where T denotes temperature, S entropy, m and ms are the

chemical potentials of fluid molecules and substrate atoms,

respectively, and V0 ¼ sx0sy0sz0 is the volume of a finite

rectangular lamella of the confined fluid in an (yet to be

specified) unstrained reference state, where sa0 is the side

length of the lamella in the (Cartesian) a-direction; the

remainder of the infinitely large confined fluid constitutes

the surroundings of the lamella in the usual thermodynamic

sense.

In Equation (3.1), the mechanical work contribution is

expressed in terms of the trace Tr of a product of stress t
and conjugate (infinitesimal) strain tensors ds [3]. As

demonstrated in [3], these quantities can be represented

by symmetric 3 £ 3 matrices. Employing Cartesian

coordinates and in the absence of shear strains, we have

t ¼
1

2

2txx txy txz

txy 2tyy tyz

txz tyz 2tzz

0
BB@

1
CCA ð3:2aÞ

s ¼

sxx 0 0

0 syy 0

0 0 szz

0
BB@

1
CCA

¼

~sx=sx0 2 1 0 0

0 ~sy=sy0 2 1 0

0 0 ~sz=sz0 2 1

0
BB@

1
CCA; ð3:2bÞ

where ~sa denotes the side lengths of a rectangular lamella

of the fluid in a strained state.

Equations (3.1) to (3.2b) apply to the system of interest,

namely a slit pore with thermally corrugated walls as the

most general case. These expressions become somewhat

simpler for the reference system. Because, in this latter case,

the walls lack any distinct atomic structure, the fluid is

isotropic in the x–y plane perpendicular to the confining

substrates. We may exploit this isotropy and define

tk ; txx ¼ tyy ð3:3aÞ

sk

2
; sxx ¼ syy: ð3:3bÞ

Moreover, we may re-express V0 as

V0 ¼ sx0sy0sz0 ¼ A0sz0; ð3:4Þ

where A0 is the area of the z-directed face of the lamella in

the unstrained reference state. Introducing A ¼ skA0 as

the z-directed area of the lamella in a strained state, it is

straightforward to verify from Equations (3.2)–(3.4) that

dVðT;m;Ns;A; szÞ ¼ 2SdT 2 Ndmþ 2msdNs

þ tksz0dAþ tzzA0dsz: ð3:5Þ

Then, it is also clear that the confined fluid is

homogeneous across each of the x–y planes stacked along

the z-direction. Therefore, V in Equation (3.5) turns out to

be a homogeneous function of degree 1 in its extensive

(natural) variable A. We may therefore employ Euler’s

theorem (see Appendix A.3 of [3]) and introduce the semi-

grand potential density of the reference system via

v ref ;
Vref

Asz0
¼

Vref

V
¼ tref

k ; T;m;Ns; sz ¼ const: ð3:6Þ

A similar expression is not obtained for the system of

interest because the discrete (atomic) structure of the

Molecular Simulation 141

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
7
:
2
8
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



substrates destroys homogeneity and isotropy of the

confined fluid in the x–y plane. However, regardless of the

validity of Equation (3.6), the (exact) thermodynamic

relations

›v

›m

� �
{�}

¼ 2r , 0 ð3:7aÞ

›2v

›m2

� �
{�}

¼ 2r2kT , 0 ð3:7bÞ

hold, where r ; kNl=V is the mean (number) density of

the fluid, kT is its isothermal compressibility, and {�} is a

shorthand notation to indicate that the differentiation is to

be performed with T, Ns and s being held fixed. Because of

Equations (3.7a) and (3.7b), we conclude that curves v(m)

are monotonously decaying and concave.

Thus, under favourable thermodynamic conditions,

one anticipates phase coexistence at intersections mab
x at

which

vaðmab
x Þ ¼ vbðmab

x Þ ð3:8Þ

for a pair of phases a and b. Suppose ra , rb, it follows

that phase a is thermodynamically stable for m , mab
x ,

whereas phase b is stable if the inequality m . mab
x holds.

3.2 Statistical thermodynamics

The connection with a microscopic level of description is

established by statistical thermodynamics. To that end,

VðT;m;Ns;sÞ ¼ 2kBTlnJðT ;m;Ns;sÞ ð3:9Þ

is the key expression, where kB is Boltzmann’s constant,

and

JðT ;m;Ns;sÞ ¼
X1
N¼0

expðbmNÞQðT;N;Ns;sÞ ð3:10Þ

is the semi-grand canonical partition function, where b ;
1=kBT [26].

In the classical limit, with which we are exclusively

concerned in this work, the canonical ensemble partition

function may be cast as

Q ¼
Z

L3ðNþ2NsÞN!
; ð3:11Þ

where

L ¼
hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2pmkBT
p ð3:12Þ

is the thermal de Broglie wavelength. The specific form of

Equation (3.11) results from an integration over

momentum subspace formed by the N fluid molecules

and 2Ns substrate atoms, each of which possesses three

translational degrees of freedom. Substrate atoms, which

are bound to their equilibrium lattice sites (see Equation

(2.8)), are distinguishable such that only the factor 1/N!

arises for the (indistinguishable) fluid molecules in the

denominator of Equation (3.11).

For our system of interest, the configuration integral in

Equation (3.11) is given by

ZðT ;N;Ns;sÞ ¼

ð
dR

ð
dRsexp½2bUðR;Rs;kÞ�; ð3:13Þ

where the dependence on the (compressional) strains s is

buried in the limits of integration with respect to fluid–

particle coordinates. The integration over substrate-atom

configurations reflects the thermal coupling between the

substrate and the confined fluid. In other words, for finite

k, the substrates cannot be treated as an external field but

are part of the system in the same spirit in which the

configuration of a disordered porous matrix enters the

statistical – physical analysis of quenched – annealed

models of complex mesoporous materials (see, for

example, Chapter 7.2 of [3]). From Equations (2.9), (3.1)

and (3.9)–(3.13), all microscopic expressions for thermo-

mechanical properties of the system of interest can be

derived [16].

However, in this work, we are concerned with the

phase behaviour of the confined fluid. As we will explain

shortly (see Section 3.3), this requires a computation of the

stress tk acting in directions perpendicular to the substrate

normal in the reference system. According to Section 2.2,

the substrates in the reference system are both structureless

(see Equations (2.5) and (2.6)) and rigid. Because of these

features we may replace ZðT ;N;Ns;sÞ by the simpler

expression

ZrefðT ;N;A; szÞ ¼

ð
dRexp½2bðUff þ Uref

fs Þ�: ð3:14Þ

In Equation (3.14), Uref
fs depends only on the

z-coordinates of the fluid molecules. Thus, Uref
fs may be

interpreted as the potential energy due to a static,

inhomogeneous, external field acting on a configuration

of fluid molecules in the z-direction. From Equations (3.5),

(3.9), (3.11) and (3.14), it is then a simple matter to verify

that

tref
k ¼

1

sz0

›Vref

›A

� �
{�}

¼ 2
kBT

sz0

›lnJ
ref

›A

 !
{�}

¼ 2
kNlkBT

V
þ

1

4V

XN
i¼1

XN
j¼1–i

u0ðrijÞrij

*

£ ðr̂ij�êxÞ
2 þ ðr̂ij�êyÞ

2
� �


;

ð3:15Þ
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where r ¼ rr̂ and êa is a unit vector along the a-axis of the

(Cartesian) coordinate system. In Equation (3.15), angular

brackets denote ensemble averages in the grand canonical

ensemble such that, together, Equations (3.6) and (3.15)

provide a ‘mechanical’ molecular route to the grand

potential density.

3.3 Perturbation theory

Unfortunately, such a ‘mechanical’ expression for v does

not exist for the system of interest (see Section 3.1 and

[27]). To compute v for our system of interest despite this

deficiency in symmetry, we employ thermodynamic

perturbation theory as suggested by Zwanzig [28] back

in 1954 (see also [3,26]) and write

UðlÞ ¼ Uff þ ð1 2 lÞUref
fs þ lðUfs þ UssÞ

; Uff þ Uref
fs þ lF ð3:16Þ

for the total configurational energy, where l [ [0,1] is a

dimensionless parameter serving as a (continuous)

‘switch’ between the reference system (l ¼ 0) and the

system of interest (l ¼ 1). The function F is introduced in

Equation (3.16) merely for notational convenience.

Through Equations (3.9)–(3.11), (3.13) and (3.16), it

is then evident that the (semi-) grand potential formally

becomes a function of the coupling parameter l. Thus, we

may differentiate V(l) with respect to the coupling

parameter and obtain

dVðlÞ

dl
¼

1

JðlÞ

X1
N¼0

expðbmNÞ

L3ðNþ2NsÞN!

£

ð
dR

ð
dRsFðR;Rs; kÞexp½2bUðlÞ�

¼ kFðR;Rs; kÞll: ð3:17Þ

In Equation (3.17), the angular brackets denote an

average in the (semi-) grand canonical ensemble in which

the distribution of microstates is governed by U(l) for a

particular value of the coupling parameter l. We may

formally integrate this last expression, which gives

vðlÞ ¼ vð0Þ þ
1

V

ðl
0

dl0kFðR;Rs; kÞll0

¼ tref
k þ

1

V

ðl
0

dl
0

kFðR;Rs; kÞll0 : ð3:18Þ

The expression on the second line of Equation (3.18)

follows because l ¼ 0 corresponds to the reference system

(see Equation (3.16)), where Equation (3.6) holds.

4. Results

Henceforth, all quantities are expressed in suitable

dimensionless (i.e. ‘reduced’) units. For example, energies

are given in units of 1, temperature in units of 1/kB and

length in units of s. Other quantities like stress, density or

the binding parameter are expressed in terms of

combinations of these ‘basic’ units such as 1/s 3, s 3 or

1/s 2, respectively. Unless otherwise stated, all the

simulations are carried out at a sufficiently subcritical

temperature T ¼ 1.0.

4.1 Phase behaviour and substrate ‘softness’

Equation (3.18) permits numerical access to the grand

potential density of the system of interest v(l ¼ 1).

Operationally speaking, we need to compute tref
k

via

Equation (3.15) and kFðR;Rs; kÞll in a sequence of

(typically 10–20) individual Monte Carlo simulations for

discrete values 0 # l # 1. The integral in Equation (3.18)

is then evaluated numerically by means of a standard

quadrature algorithm [29].

To illustrate this procedure, we plot in Figure 2 v(l)

for k ¼ 104 and 30. A binding strength of k ¼ 104 is large

enough to prevent substrate atoms from departing

appreciably from their equilibrium lattice sites during

the course of the simulation. In other words, k ¼ 104

corresponds to the limiting case of a perfectly rigid

substrate for all practical purposes. This is because even

vanishingly minute deviations of the actual position of any

substrate atom from its equilibrium lattice site are

associated with a substantial potential energy penalty

(see Equation (2.8)).

As can be seen from respective plots in Figure 2(a,b),

datasets coincide for l ¼ 0 corresponding to the reference

system as they must. At the lower value k ¼ 30, the

substrate may be deformed on account of the interaction

with neighbouring substrate atoms, the coupling to the

confined fluid and the thermal energy of each substrate

atom. However, plots in Figure 2 show that regardless of k,

v(l) is a monotonically decreasing function of the

coupling parameter, where the smaller the magnitude of

the grand potential is, the more rigid the substrate is.

The deviation between both datasets increases slightly

with increasing l.

The monotonicity of v(l) is an important prerequisite

for the perturbational approach described in Section 3.3.

A monotonic variation of v with l implies that the

confined fluid does not undergo a first-order phase

transition during the course of the transformation.

The perturbational procedure described in Section 3.3

and illustrated by plots in Figure 2 now permits us to

compute v(m) along an isotherm that is subcritical with

respect to the critical point of the fluid in confinement.

To this end, we need to choose two initial values of the
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chemical potential min corresponding to the one-phase

region of the confined gas- and liquid-like phases. These

values of the chemical potential are not known a priori so

that some trial and error is required at this point.

We may then use min in the reference system and

compute v(min) in the system of interest via Equation

(3.18). Once this value of the grand potential is known, we

may use Equation (3.7a) in its integrated form

vðmÞ ¼ vðminÞ2

ðm
min

dm0rðm0Þ; T ¼ const ð4:1Þ

for different values of m. The mean (number) density r(m)

appearing in the integrand in Equation (4.1) is computed as

an ensemble average in semi-grand canonical ensemble

Monte Carlo (SGCMC) simulations.

To analyse confinement effects and, in particular, the

impact of substrate ‘softness’ on capillary condensation, it

is necessary to determine first the location of the gas–

liquid phase transition in the bulk. For a given subcritical

temperature, this can be done in a straightforward fashion

by computing the grand potential density in SGCMC

simulations from

v ¼ 2P ¼ 2
kNlkBT

V
þ

1

6V

XN
i¼1

XN
j¼1–i

u0ðrijÞrij

* +
: ð4:2Þ

This expression follows by noting that, in a homo-

geneous and isotropic bulk phase, the mechanical work

term in Equation (3.1) can be simplified to V0TrðtdsÞ ¼
2PdV , where P is the (scalar) bulk pressure [3].

By manipulations similar to those leading to Equation

(3.15), one may then derive the molecular expression for

the bulk pressure on the far right-hand side of Equation

(4.2) (see, for example, Appendix E.3.3 of [3]).

As expected, from the discussion in Section 3.1, a

plot of v(m) consists of two branches (Figure 3).

According to Equation (3.7a), the one with the smaller

(magnitude of the) slope (at smaller values of the chemical

potential) along a subcritical isotherm T ¼ 1:0 corre-

sponds to gas, whereas the one with the larger (magnitude

of the) slope pertains to liquid phases. Both branches

intersect at the chemical potential of gas – liquid

coexistence mgl
x . 211:16 (Figure 3(a)). At this point,

the slope of v(m) changes discontinuously because the

densities of gas rg
x . 0:059 and liquid phases rl

x . 0:634

are different at coexistence (see Equation (3.7a)).

If one confines the fluid to a slit pore with a substrate

separation sz ¼ 6.8, one expects a shift of gas–liquid

phase coexistence to smaller bulk pressures because of the

additional fluid–substrate attraction. Indeed, defining a

reduced pressure P/P0 (P0 pressure of the saturated bulk

gas at mgl
x . 211:16 and T ¼ 1:0), the bulk phase

transition occurs at P/P0 ¼ 1, which is outside the range

of (reduced) pressures plotted in Figure 3(b). Therefore,

the plot in Figure 3(b) reveals such a shift to a reduced

pressure P/P0 . 0.69 as far as the (quasi-) rigid substrate

at k ¼ 104 is concerned.

If one now couples the substrate thermally to the

confined fluid by reducing the binding strength to k ¼ 30,

the plots in Figure 3(b) show the enhanced deformability

of the substrate that causes a shift of the coexistence

pressure to a larger value P/P0 . 0.72. In other words,

a slightly larger bulk pressure (or chemical potential m) is

required to initiate capillary condensation in the slit pore if

the substrates respond to the phase change in the fluid

material that they confine. Thus, a deformable substrate

destabilises the confined liquid-like phases relative to the

perfectly rigid substrate.

If the fluid is confined to a narrower slit pore of

sz ¼ 5.6, capillary condensation occurs at a lower pressure

P/P0 . 0.61 (k ¼ 104) and P/P0 . 0.63 (k ¼ 30) in

accord with one’s physical intuition (Figure 4(a)).

A similar shift is observed if one maintains the pore

width at sz ¼ 6.8 but reduces the temperature to T ¼ 0.8

(Figure 4(b)). However, in both cases, it is noteworthy that

–1

–0.8

–0.6

–0.4

–0.2

0

0 0.2 0.4 0.6 0.8 1

ω

λ

(a)

–1

–0.8

–0.6

–0.4

–0.2

0

0 0.2 0.4 0.6 0.8 1

ω

λ

(b)

Figure 2. Plots of v as a function of the coupling parameter l
(see Equation (3.18)) for k ¼ 104 (W) and k ¼ 30 (†). (a) Gas-
like phases, m ¼ 211.6 and (b) liquid-like phases,
m ¼ 211.3.
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mgl
x is always larger for the deformable substrate compared

with the (quasi-) rigid one.

4.2 Structural aspects

At this point, it seems worthwhile to address the associated

structural changes in both the substrate and the confined

fluid that occur on account of capillary condensation.

We begin by considering the local density

r f;sðzÞ ;
kNf;sðzÞl
A0dsz

ð4:3Þ

where the sub- and superscripts ‘f’ and ‘s’ are used to refer

to the local density of the confined fluid and the substrate

atoms, respectively. Thus, Nf,s(z) is the respective number

of fluid molecules or substrate atoms located in a

parallelepiped of dimensions sx0 £ sy0 £ dsz centred on z,

where we take dsz ¼ 0.02.

A typical plot of the local densities for the (quasi-)

rigid (k ¼ 104) and a thermally coupled substrate (k ¼ 30)

is presented in Figure 5 for the case sz ¼ 6.8. In the case of

the (quasi-) rigid substrates,

r sðzÞ ¼ dðz ½1� þ sz=2Þ þ dðz ½2� 2 sz=2Þ; ð4:4Þ

where d denotes the Dirac d-function. As pointed out in

Section 3.2 at k ¼ 104, the confining substrates may be

perceived as an inhomogeneous, static external field

imposed on the fluid molecules. As a consequence, the

fluid appears to be stratified; that is, the centres of mass of

fluid molecules arrange themselves preferentially in

individual layers parallel with the substrate surfaces.

Stratification of confined fluid phases is a well-known

feature that has been noted many times in the previous

literature for various systems and confinement scenarios

such as hard spheres between hard surfaces [30,31], or soft

spheres between atomically smooth [32] or structured

substrates [33,34]. In addition, the substrates may be

chemically patterned [15,35] or nonplanar [36–38]. Even

in more complex fluids consisting of nonspherical

molecules, stratification has been reported [39–42].

However, compared with fluids composed of spherically

–0.02

–0.04

–0.06

–0.08

–0.1

–0.12
–11.3 –11.25 –11.2 –11.15 –11.1 –11.05

ω
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–0.78

–0.82

–0.86

–0.9

–0.94

0.6 0.65 0.7 0.75 0.8

ω

P/P0

(b)

Figure 3. (a) The grand potential density v as a function of m in
the bulk (T ¼ 1.0). (b) As in (a) but for a fluid confined to a slit
pore (sz ¼ 6.8) as a function of P/P0 in a corresponding bulk
system, where P0 ¼ 0.043 is determined from (a); k ¼ 104 (W)
and k ¼ 30 (†). The vertical dashed line demarcates mgl

x
(see text).
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Figure 4. As in Figure 3(b) but for (a) sz ¼ 5.6, T ¼ 1.0 and
(b) sz ¼ 6.8, T ¼ 0.8; k ¼ 104 (†), k ¼ 30 (W).
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symmetric molecules, stratification appears to be dimin-

ished in the former cases on account of internal degrees of

freedom.

In the present case, stratification diminishes as the

substrate becomes increasingly deformable as one can see

by comparing the plots of r f(z) for the (quasi-) rigid

substrate (k ¼ 104) with the corresponding data for the

‘softer’ substrate at k ¼ 30 (Figure 5(a,b)). For this latter

set of data, maxima are generally lower and minima less

shallow than for k ¼ 104. The effects are more pronounced

in Figure 5(b) than in Figure 5(a) on account of the higher

density of liquid-like confined fluids compared with gas-

like states. However, stratification, in general, diminishes

as the distance from both walls becomes larger because of

the decreasing importance of fluid–substrate interactions.

This effect is also confirmed by the plots in Figure 5.

Moreover, an inspection of Figure 5 also shows that

r s(z) for the thermally coupled substrate (k ¼ 30) cannot

be represented by a d-function but appears to be broadened

because the substrate atoms possess thermal energy. For

the time being, let us assume an ideal situation in which no

fluid molecules are present between the substrates and we

have switched off the coupling between neighbouring

substrate atoms by setting uðjr½k�i 2 r½k�j jÞ ¼ 0 (see Equation

(2.8)). Because in this special case

UðRsÞ ¼ k
X2

k¼1

XNs

i¼1

r½k�i ^ r½k�i0

�� ��2 ð4:5Þ

the probability of finding any substrate atom at a position z

is given by

PðzÞ ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffi
k

pkBT

r
{exp½2bkðz2 sz=2Þ2�

þ exp½2bkðzþ sz=2Þ2�}

; P2ðzÞ þ PþðzÞx; ð4:6Þ

that is, a distribution consisting of two Gaussians centred

at z ¼ ^sz/2, provided that bk is sufficiently large. Note

that in the limit k ! 1, Equation (4.6) is consistent with

Equation (4.4) if we employ the definition of the Dirac

d-function via Gaussian distributions (see, for example,

Appendix B.6.1 of Ref. [3]).

For the system of interest in which substrate atoms are

coupled to one another and to a confined fluid of

nonvanishing density, one anticipates deviations from this

‘ideal’ Gaussian form of the probability distributions.

To quantify these deviations, we focus on the central

moments of the distributions P^(z) defined via

z^
sz

2

� �nD E
;
ð1
21

dz z^
sz

2

� �n
P^ðzÞ; ð4:7Þ

where P^(z) is given by either Pþ(z) or P2(z) defined in

Equation (4.6). Equation (4.7) is particularly useful for two

reasons. First, for even n, one can verify by straightforward

manipulations that

U ;
3kðz^ sz=2Þ2l2

kðz^ sz=2Þ4l
¼ 1; ð4:8Þ

if P^(z) are Gaussian. In turn, any deviation of the

previous expression from the (ideal) value of 1 indicates a

certain skewness of the probability distribution. Second, if

the distribution possesses such a skewness, moments of

odd order n do not necessarily vanish. In particular,

kzl^ ;
ð1
21

dzzP^ zð Þ ð4:9Þ

2

1.5

1

0.5

0
0.50.250–0.25–0.5

ρ(
z)

z/sz

(a)

2

1.5

1

0.5

0
 0.5 0.250–0.25–0.5

ρ(
z)

z/sz

(b)

Figure 5. Plots of r s(z) and r f(z) as functions of position z/sz
(sz ¼ 6.8); quasi-rigid, atomically structured substrate, thermally
coupled substrate at k ¼ 104 (· · ·) and k ¼ 30 (—). The portion of
r(z) centred on jzj/sz ¼ 0.5 refers to r s(z), whereas the remainder
of the curves corresponds to r f(z); (a) m ¼ 211.6 (P/P0 . 0.58)
and (b) m ¼ 211.3 (P/P0 . 0.84).
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such that an effective slit-pore width may be defined via

seff
z ; kzl2 2 kzlþ: ð4:10Þ

In the ideal case of Gaussian distributions P^(z),

seff
z ¼ sz because it is easy to verify from the previous

expression that kzl^ ¼ 7sz=2. The plots in Figure 6 show

that deviations from a Gaussian form of the density profile

associated with the substrate atoms are minute but increase

with decreasing ‘stiffness’ (i.e. increasing 1/k) with which

substrate atoms are bound to their equilibrium lattice sites.

Let us now take the fluid confined between (quasi-)

rigid walls (k ¼ 104) as the unstrained reference state in

the sense of the thermodynamic analysis presented in

Section 3.1, such that sz0 ¼ sz. This permits us to define the

compressional strain szz (see Equation (3.2b)) in the

direction of the substrate normal as

szz ¼
seff

z 2 sz

sz
: ð4:11Þ

An inspection of the plot of szz in Figure 7 shows that

the compressional strain increases at low pressures,

indicating that for a confined gas-like phase the slit pore

expands at first. Then, upon capillary condensation, it

suddenly contracts but expands again as the pressure in the

confined liquid-like phase is further raised. That the

discontinuous change in szz is, in fact, a signature of

capillary condensation becomes evident upon comparison

with the plot in Figure 3(b), which indicates that capillary

condensation arises at P/P0 . 0.72. The sequence of

initial expansion, sudden contraction at capillary conden-

sation and subsequent expansion of the slit pore is

characteristic and qualitatively independent of both pore

width (Figure 8) and temperature over the range of P/P0

studied. From the plots in Figure 8, one notes that the value

of P/P0 at capillary condensation increases with pore

width sz as one would expect. Likewise, the magnitude of

the discontinuous change in szz at capillary condensation

shrinks, which is again in accord with one’s physical

intuition. Thus, both the variation of szz with P and that of

P/P0 at capillary condensation with k are generic features

associated with sorption strains. Moreover, the variation of

szz with P plotted in Figure 7 is consistent with the data

obtained in recent SAXD experiments of nonpolar fluids

confined to mesoporous silica [43].

However, qualitative changes in the compressional

strain arise if one varies the strength of the fluid–substrate

attraction as the plots in Figure 9 reveal. For example, for

weak fluid–substrate interactions (z ¼ 0.75), the plot of

szz increases weakly up to P/P0 . 0.9, where capillary

condensation sets in. The discontinuity in the sorption

strain at capillary condensation is, on the other hand, more

1.08

1.06

1.04

1.02

1
0.10.080.060.040.020

U

1/κ

Figure 6. The skewness parameter U as a function of inverse
binding strength 1/k.
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Figure 7. The compressional stress szz as a function of reduced
bulk pressure P/P0 for a slit pore of width sz ¼ 6.8 and T ¼ 1.0.
k ¼ 30 (W), where the solid line is used to guide the eye, and
k ¼ 104 (· · ·).
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Figure 8. As in Figure 7, but for sz ¼ 5.6 (D), sz ¼ 6.8 (A) and
sz ¼ 8.0 (W); T ¼ 1.0 and k ¼ 30 for all datasets and lines are
intended to guide the eye.
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pronounced for equally strong fluid–fluid and fluid–

substrate interactions as clearly shown by the plot of szz

for z ¼ 1.0. Finally, if the fluid–substrate interaction

exceeds that between a pair of fluid molecules (see the plot

for z ¼ 1.5 in Figure 9), the discontinuous change in szz is

replaced by a more continuous variation of the sorption

strain with pressure. However, comparing all three curves

in Figure 9, one concludes that the sequence of (weak)

initial increase (beyond the pressure range of multilayer

adsorption), a more or less abrupt decrease when the pore

fills with liquid and a subsequent increase of the sorption

strain remains qualitatively unaffected provided the

fluid–substrate interaction is sufficiently strong.

5. Summary and conclusions

In this study, we employ SGCMC simulations to study the

structure and phase behaviour of a ‘simple’ fluid confined

between two atomically structured solid substrates.

The substrate atoms are coupled thermally to one another

and to the fluid molecules. In addition, each substrate atom

is bound to its equilibrium lattice site by a harmonic

‘spring’, where the binding parameter k (i.e. the spring

‘stiffness’) controls the deformability (i.e. the ‘rigidity’) of

the substrate. From a physical perspective, thermal

coupling between the confined phases and the substrates

causes the latter to ‘respond’ to whatever changes there

may be in the thermodynamic state of the former (and vice

versa). Therefore, the confining substrates can no longer

be treated as a static, inhomogeneous, external field, an

approach taken by the overwhelming number of

theoretical works on confined fluids to date.

Thermal coupling of this sort complicates the

statistical–physical treatment of such model systems.

This is because the substrate atoms may depart from their

equilibrium sites on account of their thermal energy and as

a result of the interactions constituting the thermal

coupling to the confined fluid phase. More specifically, the

configuration integral involves an integration over

substrate-atom configurations in excess of the standard

integration over configurations of the fluid phase.

Our results indicate that for a sufficiently deformable

substrate (k ¼ 30), the effective pore width seff
z changes as

the confined fluid undergoes a discontinuous phase

transition from gas- to liquid-like phases. The size change

of the pore can be expressed quantitatively in terms of a

compressional strain that changes discontinuously at

capillary condensation. Under experimentally relevant

conditions [43], the variation of the compressional strain

with pressure turns out to be quite minute as far as the

present subcritical thermodynamic states are concerned.

Because the deformation of the substrate is in a sense

determined by the magnitude of density fluctuations in the

confined fluid (at a given rigidity of the substrate), we

anticipate the effects reported here to be larger as one

enters the near-critical regime of the confined phase. Work

along these lines is currently under way [44]. The location

of the phase transition is shifted to higher values of

P/P0 , 1 compared with a fluid confined between rigid

solid substrates, indicating that the liquid phase is

destabilised by pore deformation.

This shift can be rationalised as follows (O. Paris,

private communication). Consider the limiting case k ¼ 0

in which substrate atoms are no longer bound to their

equilibrium lattice sites. Because the LJ potential

parameters {1,s} are the same for fluid–fluid, fluid–

substrate and substrate–substrate interactions, our system

degenerates into a bulk system in the limit k ¼ 0. Thus, in

this limit, one expects the condensation/evaporation of the

fluid to occur at the bulk value P/P0 ¼ 1. On the other

hand, for a rigid substrate as the other extreme case,

capillary condensation occurs at P/P0 , 1, where the shift

of the phase transition relative to the bulk condensation is

maximum. Hence, for finite but nonzero values of k, one

anticipates P/P0 at capillary condensation to be some-

where in between the values characteristic of the rigid

substrate and the corresponding bulk system in agreement

with the plots in Figures 3 and 4.

In this context, it is important to realise that the case

k ¼ 30 complies with a realistic situation because this

binding strength is still large enough so that the substrates are

solid-like in character. This conclusion is drawn on the basis

of the Lindemann criterion, which assigns a specific value to

the ratio dL between the average root-mean-square

displacement of solid atoms and the average nearest-

neighbour distance at the melting point of the solid.

According to the work by Jin et al. [45] dL < 0.12–0.13 at

the equilibrium melting temperature of a bulk crystal.

Moreover, as was demonstrated by Zhengming et al. [46] in

the one-phase region of a bulk crystal, the surface layer
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Figure 9. As in Figure 7, but z ¼ 0.75 (W), z ¼ 1.0 (A) and
z ¼ 1.5 (D) (see Equation (2.7)); T ¼ 1.0, k ¼ 30 and sz ¼ 6.8
for all datasets. Lines are intended to guide the eye.
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of such a crystal exhibits less solid-like order than that

characteristic of inner layers. Thus, one anticipates a larger

Lindemann ratio for the surface layer of a three-dimensional

crystal. In this work, we observe a value of dL < 0.16 for the

single-layer substrates, which is still smaller than dL < 0.2 at

which a bulk crystal becomes thermodynamically unstable

[45]. Noting that the substrates consist only of a single layer

of atoms and in view of [45,46], we conclude that our

substrates remain solid-like under the chosen thermo-

dynamic conditions.

Given that the conditions of this study seem

sufficiently realistic, what is the significance of a thermal

fluid–substrate coupling for parallel experiments? As we

shall show in detail elsewhere [43], the strain measured

for a nonpolar fluid adsorbed by mesoporous silica

exhibits a pressure dependence in semi-quantitative

agreement with the curve presented in Figure 7. There-

fore, compared with the ideal case of rigid substrate

surfaces, one expects a shift of the location of the

experimental phase transition similar to the one shown in

Figure 3(b). This shift, which should be of the order of a

few per cent, is large enough to be accessible

experimentally in principle. However, in experiments,

the ideal case of rigid substrates can almost never be

realised, which makes a direct comparison with the

present theoretical results rather challenging.

Nevertheless, the present study demonstrates a

synergistic effect; that is, the substrate responds to the

thermodynamic state of the confined fluid, which, in turn,

affects the fluid’s phase behaviour. This synergistic effect

is also expected to affect other types of phase transitions in

nanoconfinement. For example, undercooled nanoconfined

water does not freeze in the immediate vicinity of but only

at larger distances from the pore walls, presumably on

account of severe strains that prevent such vicinal water

from forming solid-like structures [47]. These strains

should be capable of deforming the pore walls similar to

what is observed here. Another example is nanoconfined

mesophases of anisometric molecules, where molecular

packing and orientation should exert strains on the pore

walls. Implications from sorption strains on the phase

behaviour and vice versa might be expected particularly

for fluids in very compliant nanoporous systems.

A particular interesting case in this respect is the action

of water in biological tissues, e.g. the movements of plants

driven by changes in humidity [48].
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